ABSTRACT: For an A-particle quantum system in a state , the movement of any pair of particles is studied. Using the corresponding two-body densities, the effective potential that determines the relative and center of mass movements of the pair of particles is built. Some aspects of the proposed general procedure are applied to different, functions used to describe the ground state of the helium atom.
Introduction
T he concept of effective potential has been very fruitful in many-particle theories. From a theoretical point of view, it has allowed understanding the basic mechanisms that give rise to the properties of the systems [1] . From a numerical point of view, it has allowed carrying out calculations that would not have been possible without using this approximation [2, 3] .
The basic idea is to average the effect of the most important part of the system (usually a pair of particles) on the rest of it by means of an effective potential. Then the Schrödinger equation for this subsystem is solved and many averaged quantities can be computed. This idea underlying all mean field theories reduces the study of a many particle system to a one-particle system. For instance, in the Hartree-Fock method, the effective potential is built by using a self-consistent procedure to solve a one-particle Schrödinger equation in each step [1] . The idea of effective potentials has also been applied to the study of the effects of electron correlation for some atoms and molecules [4] . Different kinds of potentials that can be considered as effective also appear within the density functional theory [5] . In this context, let us mention two calculations of the so-called correlation potential for the helium atom [6, 7] . Other examples within nuclear physics are the nucleon-nucleon potentials utilized in nuclear structure calculations that can be considered an effective interaction in which the meson models are averaged [8] . Quantum chemistry ab initio calculations of the electronic structure of molecules containing medium and heavy atoms become prohibitively large. However, they have been made possible by replacing the effect of chemically inert core states by an effective potential [3] . Also in solid-state theory, many properties of real materials have been explained by using these approximations to the real potential that the electron feels in a solid [2, 9] . The wide range of applications of the concept of effective potential shows its importance.
In many applications the effective potential has been determined by fitting it to some experimental data. Another possibility is to project some coordinates to generate the effective potential starting from whole system calculation. In this case, an infinite number of pseudopotentials can be generated because the problem of taking into account the effects of the system on a part of it has not been uniquely established. In general, some physically motivated conditions which depend on the system under study have been imposed, and then some parameterization has heen obtained for generating the effective potential.
In this work we shall focus our attention on the description of a pair of particles of the system. If such a pair is isolated, it is known that the center of mass and relative coordinates can be separated in the hamiltonian. In other cases, a parallel description can be carried out in terms of those coordinates. Now they are not independent and also they must include, in an averaged way, the effect of the rest of particles of the system. Therefore, a natural framework for calculating effective potentials is the one provided by the intracule and extracule densities. They will be useful for defining the effective potential uniquely for a pair of paticles.
We shall work with spherically averaged quantities, although the generalization for nonradial functions is straightforward. In order to build effective potential we shall use a variational wave function for the system and its corresponding densities. For some other approximations it will also be necessary to know the energy density.
Densities and Effective Potentials
Let us consider an A-particle system described by the hamiltonian H(1, . . . , A). Let (1, . . . , A) be an approximation to the stationary state of the system to be described and let E v be the corresponding expectation value of the hamiltonian defined as
Let us define the so-called intracule, ρ ι , and extracule, ρ , densities [10] corresponding to a pair of particles of kind a and b as
where the integral is extended over the configuration space of the system and a sum on the internal degrees of freedom has been previously performed, q ab is the number of pairs of particles of kind a and b in the system under study. The sum on i is restricted to those particles of kind a and the sum on j to the particles of kind b (different from i if a = b). These functions are the probability density distributions for the interparticle and center of mass coordinates for the pair ab in the system. Hereafter, we shall work with the corresponding radial quantities
The most relevant properties of these radial densities for our purposes are that both are nonnegative defined quantities, satisfying
Other useful quantities are the radial intracule and extracule energy densities, h ν ab (r), defined as
hereafter ν = ι, . When the function is an eigenfunction of the hamiltonian or it is the result from a variational process taking the variation over the ρ ν ab (r), it is obtained that h
i.e., the energy density is a constant. For any other approximation for the wave function, the energy density is a function of r and Eq. (9) is not fulfilled.
Our purpose is to describe the system in terms of one particle moving in a radial potential. In order to get this, both energy densities are written as the sums of potential and kinetic terms. Under this assumption, ρ ν ab (r) will play the role of the reduced radial part of this one-particle wave function in a three-dimensional system. Thus,
Using the parallelism with the radial equation for the relative and center of mass coordinates of two interacting particles, the kinetic term corresponding to the radial part is defined as
where M ι ab = µ ab is the reduced mass of the pair of particles (a, b) for the intracule density and M ab = m a + m b is the total mass of the pair for the extracule density. The use of Eqs. (9)- (11) leads to the following reduced radial-type Schrödinger equation:
Let us note that this equation can be used to build the corresponding effective potential V ν ab (r) as
once E v and the density have been calculated. If the energy density is also known we can build another effective potential, W ν ab (r), using Eq. (10),
Let us note that both definitions should provide the same potential if Eq. (9) is satisfied. In this work the differences between the definitions will be analyzed by using different choices for the variational wave function.
Effective Potentials for Factored Wave Functions
The basic key in the previous study was to identify the square root of the two-body radial density with the reduced radial part of the solution of a Schrödinger equation for a particle. This idea has been previously utilized in the framework of KohnSham equations [6] for the helium atom. Another application is the formulation of an inequality for the density in order to study the long-range behavior of the one-body density in atomic systems [11] .
In general, Eq. (14) cannot be obtained from the Schrödinger equation in a straightforward mannner. Nevertheless, for some particular cases this can be analytically done, as is the case for the ground state of a three-particle system interacting by means of a two-body central potential when the trial wave function is the product of two-body functions. For this system, the intrinsic hamiltonian can be written as 
being k = i, j the third particle. We can write the factored wave function as (r 12 , r 13 , r 23 )
The norm and the expectation value of the hamiltonian must be calculated to solve the variational problem in Eq. (1). These quantities can be expressed in terms of the square root of any of the intracule densities, ρ ι ij (r), as
being
and
where we have made the following definitions:
By minimizing Eq. (17) with respect to any of the square root of the intracule densities, ρ ι ij (r), one can obtain
These equations are similar to the general equation (12) . In order to obtain the previous results, the following identity has been used:
In order to obtain Eq. (26) it has to be assumed that ρ ι ij (r) goes to zero as r → 0 at least as fast as r and vanishes in the limit r → ∞. Both of them are properties satisfied for the densities here defined.
Finally, let us note that in this problem the energy is optimized with respect to all of the intracule densities that can be defined in our system. Therefore, the corresponding energy densities given by Eq. (6) will be constants and equal to the variational upper bound. However, this is not true for any of the extracule energy densities [Eq. (7)] in the case here presented.
Results
In this section we shall calculate the quantities previously defined for the ground state of the helium atom. In this system we can study two different kinds of pairs: electron-nucleus (e-n) and electronelectron (e-e). We shall use three different trial wave functions: the exact, or almost exact, wave function, the factored one described in the previous section, and the Hartree-Fock wave function. This last does not fulfill Eq. (17) for the e-e pair. All the results will be presented in atomic units. For the mass of the atomic helium nucleus we shall take the value m n = 7459.58 au. Because of the many differences between the nucleus and the electron mass, there will not be any differences between the e-n intracule and extracule densities apart from the scale in the variable (R 2r) and in the values of the densities. So we shall only present results for the intracule density for this pair of particles.
For the wave function considered as exact we have taken a Pekeris-type expansion [12, 13] , e (r 12 , r 13 , r 23 ) = n 1 +n 2 +n 3 ≤N n 1 ,n 2 ,n 3
mizes all of the intracule densities of the system. Thus, for the e-e intracule density we have shown only the results obtained from the Hartree-Fock and from the exact wave functions. In this scale, the density provided by the factored wave function coincides to the last one. The differences between the Hartree-Fock and the exact e-e intracule densities appear because the Hartree-Fock does not optimize this density. Finally, we have plotted the e-e extracule density for the three cases. It is remarkable that the exact and the factored e-e extracule densities superimpose even when the last one does not optimize the estracule density. This indicates the high quality of the factored wave function compared to the exact one.
A study of both the e-n energy density, h ι en (r), and the effective potential, V ι en (r), is shown in Figure 3 , where, again, the three different parameterizations for the wave function have been used. The e-n intracule energy density is practically constant for almost all the e-n distances with only a small dependence for short values of this distance for the three cases. Therefore, this is the more sensitive region because, strictly speaking, neither of the three wave functions is the exact eigenfunction. The practical constancy of the energy densities makes V ι en (r) and W ι en (r) almost equal. With respect to the form of the effective potentials, we can check in Figure 3 that they are practically the same for the three parameterizations of the wave function, and only small discrepancies appear for r en ≥ 0.75. These differences are because the E v value provided by the three approximations is different. Finally, let us mention that asymptotically these potentials tend to −1.95 au, a value that is a little higher than the He + ground state energy, −2 au.
The intracule density for the e-e pair is studied in Figure 4 . The energy density, h ι ee (r), is practically constant for both the exact and the factored parameterization of the trial wave function, and they are equals in this scale. This makes V ι ee (r) and W ι ee (r) almost equal. However, this is not true for the Hartree-Fock approximation for which h ι ee (r) is no longer a constant. Thus, for this wave function, the two forms of defining the effective potential [Eqs. (13) and (14), respectively] lead to quite different results. It is noticeable how similar W ι ee (r) are for the Hartree-Fock wave function and V ι ee (r) for the exact and factored wave functions, with only small differences around the minimum. This indicates that we can obtain an acceptable effective potential from a wave function that does not opti- mize the corresponding density if we use Eq. (14) instead of Eq. (13) .
In Figure 5 the results for the e-e extracule density have been plotted. In this case, the Hartree-Fock and factored approximations are obtained without imposing any condition on this density. Therefore, and even though the similarity between the densities of the factored and exact wave functions is pointed out in Figure 2 , only the energy density provided by the exact wave function remains constant, equal to the energy E e , and it has not been shown in the figure. In spite of this fact, in the two other cases the energy density is quite smooth and they have also a similar structure, so the two forms of building the effective potential will provide quite similar results. In order to illustrate this, we have plotted T ee (R) in the two wrong cases and W ee (R) in the three cases. Now the differences among the effective potentials are more important than for the intracule case and, again, they are mainly located around the minimum. Finally let us point out here that the shape of this effective potential and the value of the binding energy of the atomic helium show that the center of mass movement of the two electrons takes place in a potential with a strong and very narrow minimum.
Conclusions
Starting from a wave function and its radial twobody densities, effective potentials for a pair of particles of a general A-particle quantum mechanical system have been defined. These potentials average the effect of the rest of the particles of the system on the pair considered.
If the wave function is the exact eigenfunction of the hamiltonian, the effective potential between a pair can be built using only the corresponding pair density [Eq. (13)]. If the wave function is only approximate, the pair energy density is also needed in order to obtain an adequate effective potential [Eq. (14) ]. In this case the pair energy density will no longer be a constant.
We have carried out a study of quantities in the atomic helium ground state by comparing three different approximations for the wave function. This has allowed us to understand the usual approximation to the wave function in terms of effective potentials and of radial densities.
